Different properties of maps on a self-dual cone which preserve the order and the orthogonal decomposition are studied: polar decomposition, link with the order isomorphisms, normality, extremality within the order preserving maps. A characterization of derivation preserving maps is given. The results generalize a previous approach by S. Yamamuro et al.
Introduction and notation
In a series of papers, S. Yamamuro has emphasized the interest of orthogonally decomposable spaces [12, 13, 14] . A nice example is given by a Hubert space H ordered by a self-dual cone H+ : each vector in H can be uniquely decomposed in orthogonal elements of H+ . So it is interesting to characterize the maps which preserve the order and also the orthogonal decomposition.
In 1974, A. Connes showed that there is a one-to-one correspondence between rj-finite von Neumann algebras and orientable, facially homogeneous self-dual cones in complex Hubert spaces [3] . It is in this setting that S. Yamamuro and his collaborators [4, 5, 7, [12] [13] [14] [15] [16] [17] [18] have studied the orthogonal decomposition (o.d.) homomorphisms of the natural cone ?ßM * associated to a von Neumann algebra M with a cyclic and separating vector ¿;0 G H (see the review [19] and the Ph.D. thesis of T. Dang) . Their main tool is the deep Tomita-Takesaki theory.
Here we generalize most of their results assuming only that H+ is a facially homogeneous self-dual cone. It has been shown in [8] that there exists a oneto-one correspondence between these cones and the Jordan Banach algebras. However we do not use the algebraic part of this correspondence. Thus the interest of the results lies not only in the generalization but also in the fact that the only used tool is the order. In particular this direct approach avoids the Tomita-Takesaki theory and works in the real vector space case which in general is more complicated than the complex one.
In the following, H is a real Hubert space, H+ is a self-dual cone in H which means that H+ = {ieH\(Ç,r1)>OVr1€H+} .
If f G H then f = C -<T where {* G /F and (¿;+ , ¿T) = 0. This Jordan decomposition is unique so the absolute value |£| = £+ + £~ is well defined. If F is a face, Fx = {£ G #+|(£, //) = 0 Vf/ g F} is a face called the orthogonal face. When c; e H+ , (A) denotes the face generated by Ç . A^r(H+) is the lattice of complete faces (i.e. 
.3] is in OD(H+) and PF G ZH+ . Thus H is a lattice by [8, 1.3.2]. The converse follows from (ZH+)+ C OD(H+) (Proposition 2).
As the following lemma shows, it is possible to find in general order homomorphisms preserving a chosen quasi-interior point in H+ which are not o.d. homomorphisms.
Lemma 10 (see [ 18] ). Let H+ be a self dual cone with a quasi-interior point Ç. The following conditions are equivalent:
(i) A G L(H+) and AÇ = Ç implies A G OD(H+), (ii) Ae L(H+), A bijective and ¿{ = í implies A e GL(H+), (iii) H is isomorphic to R.

Proof. The implication (i) => (ii) is a consequence of Lemma 7.
(ii) => (iii): The map A: n g H -> l~l(n + ||c;||_2(c;, n)^) is clearly bijective and preserves the order and t\. By assumption A~ G L(H+). Since A-[n = 2n-M\\~2(t,ri)i, With a stronger assumption; namely, A G GL(H+) and £ be a trace vector, H is not necessarily reduced to R.
Proposition 11 (see [18] ). Let H+ be a facially homogeneous self-dual cone with a quasi-interior trace vector A. If A e GL(H+) and Ac; = A then A is in GLOD(H+). (ii) Let U G U(H+). By (i) it is equivalent to show that U G S(H+). Let F be a projection in ZH+ . Then F G OD(H+) and Í7F is paranormal by hypothesis so Remark that U*PU G Z"+ and Q = U*PUP g Zh+ satisfies Q < P. Moreover, Q-2XP + X2 >0 VleR+ so Q > P and UP = PUP. Exchanging the role of U and U* we obtain [U, P] = 0 and U € S(//+) by spectral theory.
Lemma 13 (see [16, 3.1, 3.2] ). Le/ // be a self-dual cone. (ii) (b) => (a): Let U\A\ be the polar decomposition of A G OD(H+). Since (7 is a partial isometry in OD(H+) (Lemma 6), U is normal by assumption. Let F be a projection in ZH+. Then PU is also a partial isometry in OD(H+). The proof of (i) gives that U commutes with ZH+ so [U, \A\] = 0 by Proposition 2 and A is normal.
We do not know how to characterize the self-dual cones enjoying the property that any o.d. homomorphism is normal. However in the finite-dimensional case the answer is the indecomposability of the cone: Proposition 14 (see [16, 3.5] ). Let H+ be a facially homogeneous self-dual cone in a finite-dimensional Hilbert space. Then the following conditions are equivalent:
(i) If Ae OD(H+) then A is normal, We conclude with some equivalence for the cones with a trace vector.
Proposition 15 (see [16, 3.6] ). Let H+ be a facially homogeneous self-dual indecomposable cone and A be a quasi-interior trace vector. The following conditions are equivalent: 
Semigroups of o. d. homomorphisms
The following has been proven in [5] in the special case where H+ is the natural cone associated to a cr-finite von Neumann algebra. Using Proposition 2 one can check that the proofs can be extended for the following: Proposition 16. Let H+ be a self-dual cone. (a) A(t)eOD(H+) is normal for all t.
(b) G is normal and the real part of its spectrum is bounded from above.
Moreover G + G* is affiliated with ZH+.
(iii) Let U(t) be a Co-semigroup of unitary operators with generator G.
The following conditions are equivalent: 
